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Abstract 

In this work we investigate the polytropic gas dark energy model in the non flat 
universe. We first calculate the evolution of EoS parameter of the model as well 
as the cosmological evolution of Hubble parameter in the context of polytropic gas 
dark energy model. Then we reconstruct the dynamics and the potential of the 
tachyon and K-essence scalar field models according to the evolutionary behavior of 
polytropic gas model. 
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I. INTRODUCTION 



Nowadays our belief is that the current universe is in accelerating expansion. The results 
of cosmological experiments: SNe la WMAP SDSS jsj and X-ray {4] , have provided 
the main evidences for this cosmic acceleration. In the framework of standard cosmology, a 
new energy with negative pressure, namely dark energy (DE), is needed to explain this accel- 
eration. The cosmological constant with the time - independent equation of state w/<^ = —1 
is the earliest and simplest candidate of dark energy. Although the cosmological constant is 
consistent with observational data, but from the theoretical viewpoint is faces with the fine- 

n 

tuning and cosmic coincidence problems [5[. In addition to cosmological constant, the other 
dynamical dark energy models with time-varying equation of state have been suggested to 
explain the cosmic acceleration. Recent SNe la observational data show that the dynamical 
dark energy models have a better fit compare with cosmological constant |6||. The scalar 
field models such as quintessence [3], phantom quintom {q], K-essence lOj . tachyon 
and dilaton |l2| together with interacting dark energy models such as holographic 16| and 
agegraphic 17| models are the examples of dynamical dark energy models. 
The holographic dark energy model comes from the holographic principle of quantum grav- 
ity [l8| and the agegraphic model has been proposed based on the uncertainty relation of 



19|. 



quantum mechanics together with general relativity 
In this work, we focus on the polytropic gas model as a dark energy model to explain the 
cosmic acceleration. In stellar astrophysics, the polytropic gas model can explain the equa- 
tion of state of degenerate white dwarfs, neutron stars and also the equation of state of main 
sequence stars Q- The idea of dark energy w.th polytropic gas:^s,uatiorr of state has been 
investigated by U. Mukhopadhyay and S. Ray in cosmology [21|. The polytropic gas is a 
phenomenological model of dark energy. In a phenomenological model, the pressure p is a 
function of energy density p, i.e., p = — p — f{p) [28^. For f{p) = 0, the equation of state of 
phenomenological models can cross w = —1, i.e., the cosmological constant model. Nojiri, et 
al. investigated four types singularities for some illustrative examples of phenomenological 
models 28|. The polytropic gas model has a type III. singularity in which the singularity 
takes place at a characteristic scale factor a^. 

Recently, Karami et al. investigated the interaction between dark energy and dark mat- 
ter in polytropic gas scenario, the phantom behavior of polytropic gas, reconstruction of 
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f(T)- gravity from the polytropic gas and the correspondence between polytropic gas and 



agegraphic dark energy model 
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33 1. The cosmological imphcations of polytropic gas 



dark energy model is also discussed in 25|. The evolution of deceleration parameter in the 



context of polytropic gas dark energy model represents the decelerated expansion at the 
early universe and accelerated phase later as expected. The polytropic gas model has also 
been studied from the viewpoint of statefinder analysis in |26|. 

On the other hands, as we know, the scalar field models are the effective description of an 
underlying theory of dark energy. Scalar fields naturally arise in particle physics including 
supersymmetric field theories and string/M theory. The scalar field can reveal the dynamic 
and the nature of dark energy. However, the fundamental theories such as string/M theory 
do not predict their potential V{(j)) uniquely. Consequently, it is meaningful to reconstruct 
the potential of dark energy model so that these scalar fields can describe the evolutionary 
behavior of dark energy model possessing some significant features of the quantum gravity 
theory, such as holographic and agegraphic dark energy models. In this direction, many 



works have been done 27|]. In this paper we reconstruct the dynamics and the potential of 
tachyon and the K-essence scalar fields model according to the evolution of polytropic gas 
model. 

II. FRW COSMOLOGY AND POLYTROPIC GAS DARK ENERGY 

Let us start with non-flat Friedmann-Robertson- Walker (FRW) universe containing dark 
energy and dark matter, the corresponding Friedmann equation is as follows 

H' + ^ = ^iPrn + Pd) (1) 



a 



p 

where H is the Hubble parameter, Mp is the reduced Plank mass and k = 1,0,-1 is a 
curvature parameter corresponding to a closed, flat and open universe, respectively, pm and 
Pa are the energy density of dark matter and dark energy, respectively. Recent observations 



support a closed universe with a tiny positive small curvature Qk =— 0.02 31|. 
In the case of dimensionless energy densities 

Q _ prn _ Pm q _ P£ _ q _ ^ (cy\ 

the Friedmann equation ([T]) can be written as 

nm + ^d=l + ^k- (3) 
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The conservation equations for dark matter and dark energy are given by 

Pm + ^Hpm = 0, (4) 

PA + 3i/(prf+prf) =0, (5) 
The equation of state (EoS) of polytropic gas is given by 

Pd = Kp';-, (6) 



where K and n are constants of the model 
obtains the energy density of polytropic gas dark energy as 

1 



32| . Inserting Eq.([n]) in (E]) and integrating 



Sa3/" - K 



(7) 



where B is the integration constant and a is the scale factor. For Ba^^"" > K the energy 
density of polytropic gas is positive for any odd and event number of n. But in the case of 
fia^/" < K the energy density is positive only for even numbers. The phantom behavior of 



interacting polytropic gas dark energy has been calculated in [33||- The phenomenological 
equation of state such as chaplygin gas and polytropic gas models usually suffers from the 
singularity problem in which the energy density tends to infinity. The singularity of dark 



energy models has been discussed in 3J]. In the case of Ba^/^ = K, we have pd ^ oo and 
the polytropic gas has a finite-time singularity at Oc = (K/B)"^^^. This type of singularity 



has been named by type III singularity 34 1- 



Tacking the time derivative of (I7j) with respect to time obtains 

Pd = -SBHa^^p'/- (8) 

Substituting ([H])in conservation equation of dark energy component (jSD and using ([7j), 
Pd = u)dPd, in © we obtain the EoS parameter of polytropic gas dark energy model as 

Wd = -1- (9) 

c — a" 

where c = K/B. Here one can see that the polytropic gas model can cross the phantom 
line, i.e. Wd = —1, when c > a'^/". Also at the early time (a — )• 0), the polytropic gas mimics 
the cosmological constant, i.e. Wd — > —1. 

In figure (1), the evolution of EoS parameter Wd is plotted as a function of redshift parameter 
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z. Note that the redshift parameter is related to scale factor by a = 1/(1 + 2;). Here 
we conclude that the polytropic gas model for the selected model parameters = 2 and 
even numbers: {n = 2,4,6} behaves as a phantom dark energy as indicated in left panel. 
Also in the right panel the phantom regime can be obtained for different illustrative values 
{c = 2, 3, 4} and even number n = 2. 

From ([7]), we see that the polytropic gas has a singularity at = c"/^. For c < 1, this 
singularity takes place at < 1 (past). For c = 1 the singularity occurs at the present 
time Qs = I and in the case of c > 1 it occurs at future, i.e. > 1. In figure (2) we 
show the singularity of polytropic gas model for different values of c. In upper left panel we 
choose c = 2. In this case the singularity of the model tacks place at future {as = 1.58). In 
upper right panel c = 1 and the singularity occurs at the present time = 1. Eventually 
at the lower panel, for c = 0.4, the singularity occurs at the past time = 0.57. One of 
the advantage of polytropic gas model is that this model can behaves as a phantom dark 
energy without a need to interaction between dark matter and dark energy. From figure 
(1), we see the that the phantom regime {wd < —1) for polytropic gas as indicated by (jO]). 
But the other theoretical models of dark energy such as holographic and agegraphic can not 



enter the phantom regime without interaction term, for example see [35|, |36|. From iQ, we 
also see that for the condition of c < a^/", the polytropic gas can behave as a quintessence 
model, i.e., — 1 < < 0. The problem of phenomenological models such as polytropic gas 
model is that, because of singularity at a^, the cosmology for these models can be defined 
only in the interval < a < a^, i.e., from the Big Bang epoch to the singularity epoch at a^. 
In other word, the polytropic gas model can describe the acceleration of the universe from 
the Big Bang epoch up to singularity epoch at the scale factor ag. In the next section we 
reconstruct the potential and the dynamics of tachyon scalar field according to the evolution 
of phantom polytropic gas dark energy. 

We now obtain the Hubble parameter in the context of polytropic dark energy model. From 
the conservation equations (jlj), ([5]) and using the dimensionless energy densities in (I2]), we 
have 

Pm = PmOa~^ (10) 

Pd = Prfoa~'f'+"''^'^^l (11) 
Inserting (llOflip in Friedmann equation ([1]) and using the dimensionless energy densities 
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([2]), we obtain the Hubble parameter as 

H{a) = HoV^moa--' + naoa-^i^+^^^i-)] - n^oa-^ (12) 
where Wd{a) is given by ([9]). 

In figure (3), we plot the evolution of dimensionless Hubble parameter, E{a) = H{a)/HQ, 
for polytropic gas model. In left panel, we fix c and vary the parameter n. The smaller value 
the parameter n is taken, the bigger the Hubble parameter expansion rate E(a) can reach. 
In right panel, by fixing n, we vary the parameter c. The dimensionless Hubble parameter 
E(a) is bigger for larger value of c. One can explicitly see that both the model parameters 
n and c can impact the expansion of the universe. 




FIG. 2: The singularity of polytropic gas model for different values of model parameter 
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FIG. 3: The evolution of dimensionless Hubble parameter as a function of redshift parameter z for 
different values of n and c as described in legend. 
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III. TACHYON RECONSTRUCTION OF POLYTROPIC GAS MODEL 

Here we establish a correspondence between the polytropic gas model with the tachyon 
scalar field. We reconstruct the potential and the dynamics of tachyon field according to 

the evolution of polytropic gas model. ^ ^ 

The tachyon scalar field can be considered as a source of dark energy [29]. The tachyon is an 
unstable field which can be used in string theory through its role in the Dirac-Born-Infeld 



(DBI) action to describe the D-bran action 30|. The effective Lagrangian for the tachyon 
field is given by 

where V^(0) is the potential of tachyon field. The energy density and pressure of tachyon 



field are given by 



30| 



'''iL, (13) 



1-02 

P^ = -V{<P)^l-^\ (14) 
The EoS parameter of tachyon field can be given by 

«^<A = ^ = 0' - 1- (15) 

From ( JT3l) . we see that in the case of —1 < < 1 or in the case of 0^ < tachyon field 
has a real energy density. Consequently, from ( |T5l) . it is clear to see that in the first case 
the EoS parameter of tachyon is constrained to — 1 < < and therefor the tachyon field 
can interpret the accelerates expansion of universe, but can not enter the phantom regime, 
i.e. Wd < —1. In the later case, 0^ < 0, we see Wfj, < —1, and the phantom regime can be 
crossed by tachyon. 

By equating the relations ([9]) and ( IT5l) and also ([7]) with ( fT3i) . we reconstruct the potential 
and the dynamics of tachyon according to evolution of interacting polytropic gas model as 
follows 

3. 

Wd = -l- = 02-1. (16) 

C — 



(17) 
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Therefor we obtain the following expressions for the dynamics and potential of tachyon 
field 



k2 



3 

an 



C — tt" 



(18) 




3_ 

an 



v{<P) = \li + r U^ 

c — O" \Ban — K J 

For c > a^/", from fllSp . we obtain 0^ < which represents the phantom behavior of 
tachyon field. By definition (p = iip and changing the time derivative to the derivative with 
respect to logarithmic scale factor, i.e. d/dt = Hd/dx, the scalar field ip can be integrated 
from f|T8l) as follows 

^{a) - ^{ao) = / -777-T\/ -^da (20) 
Jo au[a) y c - 

where x = Ina and H{a) is given by flT^ . Here we assume the present value of scale factor 
as Oq = 1. 

The potential and the dynamics of reconstructed tachyon field according to the evolution 
of polytropic dark energy are given by relations (|T9l) and fl20l) . respectively. Unfortunately, 
due to the complexity of the equations involved, the above relations cannot be integrated 
analytically. Hence we should use the numerical method to calculate the above integrations. 
In figure (4), we show the evolution of the scalar field for different values of the model 
parameters n and c as a function of redshift parameter z = 1/a — 1. Here, for simplicity, 
we choose iplz = 0) = 0. We can explicitly see the dynamics of the scalar field where the 
scalar field decreases from up to zero at the present time. In left panel we find a faster 
rate of evolution when n increases. Also from the right panel we see the faster evolution of 
dynamics of reconstructed tachyon field for lower values of model parameter c. In figure (5), 
the reconstructed tachyon potential V{(j)) is plotted for different values of model parameter n 
and c. Here we see that the reconstructed potential Vlip) has a nonzero minima at the early 
stage of universe {z > 5) which indicate the cosmological constant behavior of the model 
in the past time. From the left and right panels, we see the faster evolution of potential for 
larger values of n and smaller values of c, respectively. 
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FIG. 4: The evolution of scalar field ip in terms of cosmological redshift parameter z for different 
values of n and c as described in legend. 




FIG. 5: The reconstructed potential Vi^ip) for different values of model parameters of tachyon 
polytropic gas dark energy model as described in legend. 
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IV. K-ESSENCE RECONSTRUCTION OF POLYTROPIC GAS MODEL 



The propose of the K-essence scalar field was motivated from the Born-Infeld action of 
string theory. This kind of scalar field can interpret the late time acceleration of the universe 



371]. The K-essence scalar field is given by following action 



(21) 



where the Lagrangian density p{(j), x) corresponds to the pressure density and energy density 
via the following equations: 

p(0,x) = /(0)(-X + x'), (22) 
p(0,x) = /(0)(-X + 3x'). (23) 
Therefore, the EoS parameter of K-essence can be obtained as follows 



UK 



(24) 



By equatingdH]) and (^^, we have 



Wd = -l- 



3 

an 



x-1 



c-a~ 3x-l 
Therefore the parameter x can be obtained as 



(25) 



2 + — 



X 



T 

c—a n 



4 + 3^ 



(26) 



c—a n 



From 1^^, the phantom behavior of K-essence scalar field [wk < —1) can be achieved when 
the parameter x lies in the interval 1/3 < x < 1/2- Using 0^ = 2% and changing the time 
derivative to the derivative with respect to x = In a, we have 



1 

H 



4 + 2 



3. 
a n 

— r 

c—a n 



4 + 3 



3. 
a n 
T 

C—a ri 



(27) 



The integration of (1271) yields 
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The dynamics of reconstructed K-essence field via the evolutionary form of polytropic dark 
energy is given by f l28|) . The K-essence polytropic gas model can explain the accelerating 
universe and also behaves as a phantom model provided 1/3 < x < Xjl. Same as previous 
section we use the numerical method to calculate the reconstructed dynamics. In figure (6) 
the evolution of reconstructed K-essence is plotted as a function of cosmological redshift z = 
1/a — 1 for different values of the model parameters n and c. Here we choose (j){z = 0) = 0. 
The scalar field decreases from up to zero at the present time. In left panel we find a faster 
rate of evolution when n decreases. In right panel we see the faster evolution of dynamics 
of reconstructed K-essence field for higher values of model parameter c. 




FIG. 6: The evolution of scalar field (p in terms of cosmological redshift parameter z for different 
values of n and c as described in legend. 



V. CONCLUSION 

In summary, we considered the FRW cosmology with polytropic gas model of dark en- 
ergy. The polytropic gas model can explain the cosmic acceleration of the universe and 
also behaves as a phantom or quintessence dark energy models, depending on the model 
parameters. One of the benefits of polytropic gas model is that it can cross the phantom 
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line without a need to interaction between dark energy and dark matter. However, this 
model same as other phenomenological models of dark energy, suffers from the singularity. 
This singularity tacks place at = c"/^. 

We also suggested a polytropic gas model of tachyon and K-essence scalar field models. We 
adopt the viewpoint of that the scalar field models of dark energy are effective theories of 
an underlying theory of dark energy. We established a connection between the scalar field 
models including tachyon and K-essence energy densities and the polytropic gas dark energy 
model. We reconstructed the potential and the dynamics of these scalar fields, numerically, 
according to the evolutionary form of polytropic gas dark energy model. The reconstructed 
scalar fields increases with redshift z but. In an other words, they decreases as the universe 
expands. This behavior of reconstructed scalar fields via the evolution of polytropic gas 
model is similar with other forms of dark energy models such as tachyon reconstructed of 
„ew agegraphic mode. Q. tachyon. d.laton and quintessence teconsttucted of hologtaphic 
dark energy model [41l |. 
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